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Suppose we have a system of particles with masses, positions, and velocitiesmi ,xi ,vi . This system has center of
massx = ∑mixi

∑mi
, and linear and angular momenta:

• Linear momentum:p = ∑mivi

• Angular momentum aboutx: L = ∑ r i ×mivi

Let r i = xi − x. Note that∑mir i = 0 (easy to show using definition ofx). If these particles were moving as a rigid
group with linear velocityv and angular velocityω thenvi = v+ω× r i and we would have

• Linear momentum:p′ = ∑mi (v+ω×r i) = ∑miv+ ω×∑mir i︸ ︷︷ ︸
=0since∑mi r i=0

= ∑miv

• Angular momentum:L ′ = ∑ r i ×mi (v+ω× r i) = ∑mir i ×v︸ ︷︷ ︸
=0since∑mi r i=0

+∑mir i × (ω× r i)

– Noter i × (ω× r i) = (r i · r i)ω− (r i ·ω) r i =
(
rT

i r i − r irT
i

)
ω

– Letting I = ∑mi
(
rT

i r i − r irT
i

)
, we getL ′ = Iω

We want the rigid group to conserve momentum, hence we can solve forv andω:
p = p′ ⇒ ∑mivi= ∑miv ⇒ v = ∑mivi

∑mi

L = L ′ ⇒ ∑ r i ×mivi = Iω ⇒ ω = I−1 (∑ r i ×mivi)
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