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3.5 Canonical Forms

X | y | z | Minterms | Notation
In general, the unique algebraic expression for any Boolean func [T o [ o Xy 7 mo
can be obtained from its truth table by using an OR operato [ o | 1 T m
combined all minterms for which the function is equal to 1. ol 110 Xy 7 My
. . . 0] 1]1 Xyz mg
A minterm, denoted as, where 0<i < 27, is a product (AND) of 11010 Xy 7 me
the n variables in which each variable is complemented if the ve 11011 XY 7 m
assigned to it is 0, and uncomplemented if it is 1. 1111 0 Xy 7 M
1-minterms = minterms for which the functiok = 1. 1111 Xy z
0-minterms = minterms for which the functidf = 0. Y Ty
Table 3.9
Any Boolean function can be expressed as a sum (OR) bf its
minterms. A shorthand notation: F=Xyz+Xy z+Xyz'+xyz
F(list of variables) = (list of 1-minterm indices) F'=XyZ+xXyz+XyZ+xyZz
. , X|y| z| Minterms | F | F'
Ex. F ;&yf;%xfni++xn)]/72+xyz 00| 0| mxyz| 0] 1
or 0|0 1| m=xyz|O0 1
_ 0|1 0| mxyZ | 0 1
F(XVY.2=2@3,5,6,7) 0 1| 1] mexyz | 1| 0
The complement of the function can be expressed as a sum (OR) ¢ 11010 m4ixy' z10 1
0-minterms. A shorthand notation: 11011 m5:x yz | 1 0
F(list of variables) = (list of 0-minterm indices) 11110} mexyz | 1 0
1] 1| 1] m=xyz |1 0
Ex.F' =Xy Z+Xyz+XyzZ+xy?z Table 3.8
=ENMp+m+m,+my
or
F'(xy,2=20,1,24) F=x+yz
Ex. Express the Boolean functién= x +y zas a sum of minterms. x| y| z]| Minterms | F | F’
0| 0| 0| m=xXyz| 0] 1
Solution: This function has three variablesy, andz. All terms 0] 0] 1) m=xyz 0] 1
must have these three variables. Thus, we need to expand thefir | 0 | 1 | O | m=xyZ | 0 | 1
term by ANDing it with ¢ + y')(z + Z), and we expand the second 0] 1] 1) mxyz | 1) 0
term with & + X') to get 10| 0] mxyZ |1 0
1] 0] 1] m=xyz |1 0
F=x+yz 1] 1| 0| mg=xyZ 1 0
=x(y+y)(@+2)+ x+x)yz 1| 1] 1] m==xyz | 1] 0
=XYZ+XYZ+XY Z+Xy Z+Xyz+Xyz Table 3.10

=XYyZ+XYy Z+XYy z+XyZ+Xxyz
=Smg+mp+mg+ng+my
=2(3,4,5,6,7)

Ex. Convert the Boolean functidh=x +y zinto a sum of minterms by using a truth table.

Solution: First, we derive the truth table 3.10, then from the table we gétfor mintermsms, my, ms, Mg, andm.
ThereforeF = m; + my + My + my + Ny, which is the same as above when we used term expansion.
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A maxterm, denoted adl;, where 0 i < 2", is a sum (OR) of tha -
. : ) ! ) . ) X | y | z | Maxterms| Notation
variables (literals) in which each variable is complemented if
value assigned to it is 1, and uncomplemented if it is O. 0] 0] 0] x+y+z Mo
1-maxterms = maxterms for which the functidh= 1. 0] 0] 1] x+y+Z M,
0-maxterms = maxterms for which the functidh= 0. 8 1 2 X +)3; tz :/IAZ
X+y +7 3
Any Boolean function can be expressed as a product (AND)@fits | 1 | 0 | O | X+y+7 My
maxterms. A shorthand notation: 1/ 0] 1] x+ty+Z Ms
F(list of variables) F1(list of 0-maxterm indices) 1] 1]0]| X+y+z Me
1 1 1| xX+y+Z7 M-
EX. F =xty+ze xty+Z ¢ xty'+ze X+y+z Table 3.11
=Mp* Mys Mye M,
or F= X+y+ze X+y+Z' . X+y'+zo X'+y+Z
F(vy,2=0MN(0,1,2,4) F'=xt+y'+Z ¢ X'+y+Z o X'+y'+z+ X'+y'+Z
] Xyl z Maxterms F|F'
The complement of the function can be expre§sed asaproduct o[ o | o Mex+y+z | 0| 1
(AND) _of its 1-maxterms A_shorthand notatl_on._ 0] 0] 1| M=x+y+Z | 0 1
F(list of variables) F1(list of 1-maxterm indices) 0] 1] 0] Me=x+y+z] 0 1
. o o o 0| 1| 1| Me=x+y+Z | 1| O
EX. F' =X+y'+Z o X'+y+Z ¢ X'+y'+Z X+y'+Z 1o 0| Max+y+z]| 0] 1
=Msz® Ms* Mg+ My 1]0[1[Msx+y+z | 1] 0
o _ 1/ 1] 0| Mex+y+z| 1] 0O
F'x,y,2=MN(3,5,6,7) 111 M=x+y+Z] 1] 0

Definition: Any Boolean function that is expressed as a sum of minterms or as a product of maxterms is said to be
in its canonical form.

To convert from one canonical form to another, interchange the symbaf&l1, and list the index numbers that
were excluded from the original form.

To convert from one canonical form to dsal, interchange the symbaisandlT, and list the index numbers from
the original form.

Ex. F=mg+ms+mg+m;=%(3,5,6,7)
=XYZ+XY Z+XYZ'+XYyZ |
equivalent

- —

= Mo' Ml' Mz' M4=ﬂ(0, 1, 2, 4)
= X+y+zZ e X+y+Z o X+y'+z e X'+y+z
duals

F'=m+m+m+my=2(0,1, 2, 4)
=Xy Z+Xyz+xXyzZ+xy?z

equivalent

:Mg'M5'M6'M7=[—|(3,5,6,7) |

= XHY'+Z o X+y+Z o X'+Y'+z e X'+Y'+Z
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To convert an expression to its canonical form, all terms must contain all variables.
e To get the sum of minterms, we expand each term by ANDing it withv() for every missing variable
in that term.

* To get the product of maxterms, we expand each term by ORing itwwithfér every missing variable
in that term.

Ex. Express the Boolean functiéi= x +y z as a product of maxterms.

Solution: First, we need to convert the function into the product-of-OR terms by using the distributive law as
follows:

F=x+yz
=(x+y) (x+2) distributive law
=(X+y+zZ)(x+yy +2 expand ' term by ORing it wittz Z, and 2° term withy y’
=(X+y+2) (X+y+Z) ery+B (X +Y +2)
=Mo* M1 M,
=M(0, 1, 2)

Ex. Expres$'= (x +y 2)' as a product of maxterms.
Solution:

F'=K+y2
=X (Y +2) dual
=(X+yy +z7Z) (xx +y +2) expand 1 term by ORing it withy y andz Z, and 2° term withx x
SX+Yy+ (X +y+Z) (X +y +2) (X +Y +2) X +Y +2) fety+2)
=Mye* Mg Ms* My My
=MN(3,4,5,6,7)

Ex. Expres$'= (x +y 2)' as a sum of minterms.

Solution:
F'=k+y2
=X (Y +2) dual
=Xy)+ (X 2) distributive law
=Xy (z+2)+X (y+y)Z expand 1 term by ANDing it with ¢ + Z), and 2° term with ¢ +y’)
=XYz+XYy Z+XyZ +XyZ
=SMm+Mp+m

=50, 1, 2)
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Example: Given the function as defined in the truth table, exprassg sum of minterms and product of
maxterms, and exprefs using sum of minterms and product of maxterms.

n

Minterms Maxterms
my=x'y'Z Mg=x+y+z
m=xYy'z Mi=x+y+Z
my=x'y 2 My=x+y +z
m=xX'y z Me=x+y +Z7
m=xy'z My=X+y+2z
mg=xy' z Mg=xX'+y +Z
mg=xy Z Mg=x'+y +2
my=xy z M=x+y +7

RlRk|k|olo|lojo|x
R R|lo|o|k| koo
Rl olk|o|r|lo|lr|o|N
o|o|o|r|r|o|r|o|m
RRr|k|loo|r|lo|r

Solution:

F as sum of minterms:
F=m+mg+my
=3(1, 3,4)

=Xy z+xXyz+xyz

F as product of maxterms:
F = MOC MZ. MS' MG' |\/|7

=MN(, 2,5,6,7)
=(HY+D (K HY D) (XY +2) (XY +D (K HY +2)
|

F ' as sum of minterms: duals

F'=mp+mp+ms+mg+my
=2(0,2,5,6,7)
=Xy Z+XYyZ+xyz+xyzZ+xyz

F ' as product of maxterms:
F'= M]_' M3° M4
=T1(1, 3, 4)
=(x+y+27) (x+y +7Z) (X +y+2)

To transfornT1(1, 3, 4) tox(0, 2, 5, 6, 7):
N(1,3,4)=k+y+2) x+y +2) (X +y+2)
SXXRX FXXY+XXZ+ get every possible combinations
XYX + Xy +Xy Z+ can eliminate terms withv' because it is 0
X2¥% + X Z2'y+xz-z+
yxX+tyxy+yxz+
R o o A & s
yzZ'X'+yz'y+yz #
Z XX+ Z' Xy +2 %7
Zy X +zoyyk Zoyz
2’7’ X +z2'7y+&#7
=Xy Z+XyzZ+xyz+xyzZ+xyz



